ABSTRACT. Using the machinery of framed sheaves developed by Voevodsky [24], a triangulated category of framed motives SH f r S 1 (k) is introduced and studied. To any smooth algebraic variety X ∈ Sm/k, the framed motive M f r (X) is associated in the category SH f r S 1 (k). Also, for any smooth scheme X ∈ Sm/k an explicit quasi-fibrant motivic replacement of its suspension P 1 -spectrum is given. Moreover, it is shown that the bispectrum
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INTRODUCTION
In [23] Voevodsky constructed the triangulated category of motives DM e f f − (k). It provides a natural framework to study motivic cohomology. In [7, 8] the authors construct the triangulated category of K-motives over a field. This construction provides a natural framework to study (bivariant) K-theory in the same fashion as the triangulated category of motives provides a natural framework for motivic cohomology. The triangulated category of K-motives also provides a sufficient framework to study the motivic spectral sequence. K-motives are also useful to solve some problems for the motivic spectral sequence [9] .
In [24] Voevodsky develops the theory of (pre-)sheaves with framed correspondences. One of the aims of the theory was to suggest another construction of SH(k) (see his Nordfjordeid Lectures [6, Remark 2.15] ). In this paper we use this theory to introduce and study framed motives of algebraic varieties as well as to construct a triangulated category of framed bispectra SH f r (k) recovering SH (k) .
By definition, the framed motive of a smooth scheme X ∈ Sm/k over a field k is a motivic S 1 -spectrum M f r (X ) whose terms are certain explicit motivic spaces with framed transfers (see Definition 6.8) . We develop motivic homotopy theory of spaces/spectra with framed transfers and show in Theorem 6.15 that the spectra M f r (X ) [n] , X ∈ Sm/k, n ∈ Z, are compact generators of the "triangulated category of framed motives" SH f r S 1 (k) which is introduced and studied in Section 6. There is an adjunction of triangulated categories Φ : SH S 1 (k) ⇄ SH f r S 1 (k) : Ψ such that Φ(Σ ∞ S 1 X + ) ∼ = M f r (X ) for any X ∈ Sm/k. Moreover, if W ∈ Sm/k is local Henselian, then there is an isomorphism of Abelian groups π n (M f r (X )(W )) ∼ = SH f r S 1 (k)(M f r (W ) [n] , M f r (X )) whenever the base field k is perfect (Theorem 6.15).
As an application of framed motives, an explicit quasi-fibrant motivic replacement (i.e. an Ω-spectrum in positive degrees) of the suspension P 1 -spectrum Σ ∞ P 1 X + is given over perfect fields in Theorem 9.5 (here P 1 is pointed at ∞). Another application is to show that an explicitly constructed bispectrum M G f r (X ) = (M f r (X ), M f r (X ) (1) , M f r (X )(2), . . .), each term of which is a twisted framed motive of X , has motivic homotopy type of the suspension bispectrum of X (over perfect fields).
Using this together with a theorem of Levine [16] , one shows that the framed motive of the point M f r (pt)(pt), pt = Spec k, evaluated at pt is a quasi-fibrant model (i.e. an Ω-spectrum in positive degrees) of the classical sphere spectrum whenever the base field k is algebraically closed of characteristic zero.
As another application, we give a reformulation of the motivic Serre Finiteness Conjecture (Remark 10.10). It is equivalent to showing that positive rational homology of an explicit complex ZF(∆ • R , Spec R) is zero. Next, a compactly generated triangulated category of framed bispectra SH f r (k) is constructed in Section 10. Its compact generators are the shifts in both directions of the bispectra M G f r (X ), X ∈ Sm/k. There is an adjunction of triangulated categories Φ : SH(k) ⇄ SH f r (k) : Ψ such that Φ takes each suspension bispectrum of X ∈ Sm/k to a framed bispectrum isomorphic to M G f r (X ). Furthermore, the functor Φ is shown to be an equivalence of triangulated categories over perfect fields (see Theorem 10.11) . Thus SH(k) is recovered from SH f r (k).
We finish the paper with an explicit description of the category SH(k) ⊗ Q. Namely, we identify two categories
where DM f r (k) is constructed in [10] . Throughout the paper we denote by Sm/k the category of smooth separated schemes of finite type over the base field k.
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VOEVODSKY'S FRAMED CORRESPONDENCES
In this section we collect basic facts for framed correspondences and framed functors in the sense of Voevodsky [24] . We start with preparations.
Let S be a noetherian scheme and let Sch/S be the category of separated schemes of finite type over S. We define a rational function on a scheme X as an equivalence class of invertible functions on dense open subsets of X identifying a function with its restriction to a smaller subset. Rational functions are contravariantly functorial for dominant morphisms and form a sheaf M * on the small etale site X et of X . For any rational function f there exists a maximal open subset U f where f is an invertible function. We let Supp( f ) denote the closed complement to U f . We should mention that only explicit framed correspondences (but not explicit rational framed correspondences) defined below will be used in the main body of the paper. Definition 2.1 (Voevodsky [24] ). (I) Let Z be a closed subset in X . A framing (respectively rational framing) of Z of level n is a collection ϕ 1 , . . . , ϕ n of regular (respectively rational) functions on X such that ∩ n i=1 Supp(ϕ i ) = Z. For a scheme X over S a framing of Z over S is a framing of Z such that the closed subsets Supp(ϕ i ) do not contain the generic points of the fibers of X → S.
(II) For schemes X ,Y over S and n 0 an explicit framed correspondence (respectively an explicit rational framed correspondence) Φ of level n consists of the following data:
(1) a closed subset Z in A n X which is finite over X ; (2) an etale neighborhood p : U → A n X of Z; (3) a framing (respectively rational framing) ϕ 1 , . . . , ϕ n of level n of Z in U over X ; (4) a morphism g : U → Y . The subset Z will be referred to as the support of the correspondence. We shall also write triples Φ = (U, ϕ, g) to denote explicit (rational) framed correspondences.
(III) Two explict (rational) framed correspondences Φ and Φ ′ of level n are said to be equivalent if they have the same support and there exists an open neighborhood V of Z in U × A n X U ′ such that on V , the morphism g • pr agrees with g ′ • pr ′ and ϕ • pr agrees with ϕ ′ • pr ′ . A (rational) framed correspondence of level n is an equivalence class of explicit (rational) framed correspondences of level n.
We let Fr n (X ,Y ) (respectively Fr rat n (X ,Y )) denote the set of framed correspondences (respectively rational framed correspondences) from X to Y . We consider it as a pointed set with the distinguished point being the class 0 n of the explicit correspondence with U = / 0. As an example, the sets Fr 0 (X ,Y ) and Fr rat 0 (X ,Y ) coincide with the set of pointed morphisms X + → Y + . In particular, for a connected scheme X one has If f : X ′ → X is a morphism of schemes and Φ = (U, ϕ, g) an explicit (rational) correspondence from X to Y then
is an explicit (rational) correspondence from X ′ to Y . Let (U, ϕ, g) be an explicit correspondence of level n from X to Y and (V, ψ, g) an explicit correspondence of level m from Y to Z. We define their composition as follows. Consider the diagram
where W is the fiber product of V and U . Let us verify that
where the square is cartesian which shows that W is etale over A n+m X . The rational functions ψ j • pr V are defined because of the property ((II),(1)) of the definition of an explicit correspondence and the functions ϕ i • pr U are defined because pr U is smooth. It remains to verify that the closed subset
is finite over X and maps monomorphically to X × A n × A m . The first statement follows immediately from (1) since Supp(ϕ i • pr U ) = pr
. The second statement follows in a similar manner from the diagram (2) .
The composition of explicit correspondences clearly respects the equivalences and defines associative maps
Given a pair of schemes X ,Y , denote by Fr * (X ,Y ) and Fr rat * (X ,Y ) the sets ⊔ n Fr n (X ,Y ) and ⊔ n Fr rat n (X ,Y ) respectively. Composition of (rational) framed correspondences defines two categories Fr * (Sch/S) and Fr rat * (Sch/S) respectively. Their objects are those of Sch/S and morphisms given by Fr * (X ,Y ) (respectively Fr rat * (X ,Y )). Since morphisms of schemes can be identified with special framed correspondences of level zero, we get functors Sch/S → Fr * (Sch/S), Sch/S → Fr rat * (Sch/S). One can easily see that for a framed correspondence Φ : X → Y and a morphism f :
Given a scheme X and an explicit (rational) framed correspondence (U, ϕ, g) : Y → Z, we define an explicit (rational) framed correspondence id
Let f : X 1 → X 2 be a morphism of schemes. Then the diagram of framed correspondences
commutes. This shows that the category Fr * (Sch/S) and Fr rat * (Sch/S) have a "module" structure over the category Sch/S. Given a morphism f of schemes and a (rational) framed correspondence G one defines f × G to be the framed correspondence given by the diagonal in (3). So we have two action maps
Definition 2.2. A framed presheaf F on Sch/S (respectively R-framed presheaf -"R" for rational) is a contravariant functor from Fr * (Sch/S) (respectively Fr rat * (Sch/S)) to the category of sets. A framed functor F on Sch/S (respectively R-framed functor) is a contravariant functor from Fr * (Sch/S) (respectively Fr rat * (Sch/S)) to the category of pointed sets such that
Note that the representable presheaves on Fr * (Sch/S) or Fr rat * (Sch/S) are not framed functors. To associate a framed functor to a scheme one needs the following construction. Denote by σ X the framed correspondence of level 1 from X to X given by (A 1
For any morphism of pointed schemes f : X + → Y + one has f σ X = σ Y f . However, for a general (rational) framed correspondence Φ one has Φσ X = σ Y Φ. Let Fr * (−, X ) (respectively Fr rat * (−, X )) be the functor represented by X on Fr * (Sch/S) (respectively Fr rat * (Sch/S)). Then σ X defines an endomorphism of Fr * (−, X ) (respectively Fr rat * (−, X )) and we set
Note that the functors QX + , Q rat X + are functorial in X with respect to morphisms of pointed schemes but not with respect to general framed correspondences. In what follows we shall also write Fr(−, X ) and Fr rat (−, X ) to denote QX + and Q rat X + respectively (the reader should not confuse these with representable functors Fr * (−, X ) and Fr rat * (−, X )). Lemma 2.3 ([24] ). For any X the functors QX + , Q rat X + are framed functors.
Recall that for a morphism f : Y → X we denote byČ( f ) orČ(Y ) the Cech simplicial object defined by f .
Lemma 2.4 ([24]
). Let f : U → X be an etale (respectively Nisnevich) covering of a scheme X . Then for any n the maps of simplicial presheaves 
Note that presheaves of the form QX + , Q rat X + are not stable. For any X denote by m the explicit correspondence from X to X ⊔ X with U = (A 1 − {0} ⊔ A 1 − {1}) X , ϕ = (t − 1)⊔t where t : A 1 X → X is the projection and g : (A 1 − {0}⊔ A 1 − {1}) X → X ⊔ X . For any framed or R-framed functor F it defines maps
Theorem 2.7 (Voevodsky [24] ). Let F be a stable homotopy invariant framed (respectively R-framed) functor. Then the maps
framed (respectively R-framed) functor of abelian monoids (respectively groups). The neutral element of the monoid is determined by the morphism pt
Theorem 2.8 (Voevodsky [24] ). For any framed (respectively R-framed) presheaf F the associated Nisnevich and etale sheaves F nis , F et have a unique structure of framed (respectively R-framed) presheaves for which the canonical morphisms F → F nis and F → F et are morphisms of framed (respectively R-framed) presheaves.
An elementary A 1 -homotopy from a (rational) framed correspondence Φ to a (rational) framed correspondence Ψ is a (rational) framed correspondence Ξ : X ×A 1 → Y such that Ξ•(id X ×{0}) = Φ and Ξ • (id X ×{1}) = Ψ. Two (rational) framed correspondences Φ, Ψ : X → Y are said to be A 1 -homotopic (or simply homotopic if there is no likelihood of confusion) if they can be connected by a chain of elementary homotopies. One verifies easily that the composition of (rational) framed correspondences preserves the homotopy relation. The category whose objects are schemes and morphisms are the homotopy classes of framed correspondences will be denoted by π 0 Fr * (Sch/S).
Lemma 2.9 ([24]). For any (rational) framed correspondence
For a framed functor F denote by C * (F), as always, the simplicial framed functor of the form
Since the morphisms σ X commute with the morphisms of level zero, the morphisms σ : X × ∆ n → X × ∆ n define an endomorphism of C * (Fr(−,Y ))(X ) which we denote σ .
Lemma 2.10 ([24]
). There is a pointed simplicial homotopy from σ to the identity.
We can also define a category π 0 Fr(Sch/S) whose objects are those of Sch/S and morphisms are given by
HOMOTOPY INVARIANT FRAMED PRESHEAVES
In order to construct fibrant resolutions of various spectra, one needs to prove a couple of "standard", but highly non-trivial theorems in the style of Voevodsky. Similar theorems were proved by Voevodsky for presheaves with transfers in [22, 25] .
In what follows, we shall always work over smooth separated schemes of finite type Sm/k over a field k if otherwise is specified. By Fr * (k), π 0 Fr * (k) and π 0 Fr(k) we shall mean the full subcategories of Fr * (Sch/k), π 0 Fr * (Sch/k) and π 0 Fr(Sch/k) respectively, whose objects are those of Sm/k.
Recall that a sheaf F of abelian groups in the Nisnevich topology on Sm/k is strictly A 1 -invariant if for any X ∈ Sm/k, the canonical morphism
is an isomorphism. The first "standard" theorem states the following. The proof is lengthy and consists of showing the following claims (see [11] for further details): (a) . Given an open subset U of A 1 , there is n 0 such that for any odd n n 0 one has
. Given an open subset U of A 1 , one has an embedding
induced by the inclusion of η into U , where η is the generic point of
As a consequence, one has a short exact sequence for any open subsets U,V of A 1 :
(e). Another consequence says that restriction F | A 1 of F to A 1 is a Zariski sheaf. (f). Given a local smooth U with generic point η, the embedding η ֒→ U induces an inclusion
(g). For any smooth local U and any open i : V ֒→ A 1 ×U such that 0 ×U is in V , the map
is an isomorphism.
(h). (Etale Excision Theorem). Given an elementary Nisnevich square
with smooth local X ′ , X , the map X ′ → X induces an isomorphism
(i). The first consequence states that the natural morphism
is an isomorphism for any open subset U of A 1 .
(j). The second consequence says that F nis is homotopy invariant. (k). For any smooth local U and any smooth divisor D in U , there is a natural isomorphism
(l). The third consequence says that for any smooth local U and any smooth divisor D ⊂ U , one has an embedding
where G is an A 1 -invariant quasi-stable framed Nisnevich sheaf.
(m). The fourth consequence states that if k is a perfect field and G is an A 1 -invariant quasistable framed Nisnevich sheaf, then there is an isomorphism
(n). The final step is to show an isomorphism
for an A 1 -invariant quasi-stable framed Nisnevich sheaf G .
Another "standard" theorem (namely, Cancellation Theorem 7.2 for framed motives of algebraic varieties) will be formulated later.
MODEL STRUCTURES FOR SIMPLICIAL FRAMED PRESHEAVES
In order to develop homotopy theory of pointed framed spaces, we need to modify the category Fr * (k) slightly to get its reduced version. Let Fr + (k) be the category whose objects are those of Sm/k and Hom-sets are
Here each Fr n (X ,Y ) is pointed at 0 n . In other words, Fr + (k) is the same with Fr * (k) except that all 0 n -s are glued to a single element which we denote by 0. Thus each set Fr + (k)(X ,Y ) is pointed at 0.
Let S • be the category of pointed simplicial sets. We also regard Fr + (k) as a category enriched over S • . Denote by sPre • (Fr + (k)) the category of enriched presheaves from Fr + (k) to S • . It can be identified with the category of pointed simplicial presheaves F :
In this section we introduce and study various model category structures on the category sPre • (Fr + (k)).
The category of pointed simplicial presheaves sPre • (Sm/k) on Sm/k can be identified with the category of enriched presheaves from the category (Sm/k) + to S • , where (Sm/k) + is an S • -category whose objects are those of Sm/k and pointed simplicial Hom-sets are, by definition, (Hom Sm/k (X ,Y )) + . In what follows we shall use this identification without further comments.
Recall that the projective model structure on sPre • (Sm/k) is determined by schemewise weak equivalences and schemewise fibrations of pointed simplicial sets. Generating cofibrations are given by the family
Generating trivial cofibrations are given by the family
The resulting model category is denoted by sPre • (Sm/k) pro j .
For each finite Nisnevich cover {U i → X } we letǓ * be the simplicial presheaf which in dimension n is ∨ i 0 ,...,i n (−,U i 0 ...i n ) + , with the obvious face and degeneracy maps. Here U i 0 ...i n stands for the smooth scheme U i 0 × X · · · × X U i n . The reader should not confuseǓ * with the presheaf (−,Č(U )) + which in dimension n is (−, ⊔ i 0 ,...,i n U i 0 ...i n ) + . The Cech model category sPre • (Sm/k) Cech associated with Nisnevich topology is obtained from sPre • (Sm/k) pro j by Bousfield localization with respect to the set of all maps η :Ǔ * → (−, X ) + . It follows from [26, 5.10 ] (see also [4] ) that sPre • (Sm/k) Cech coincides with the Nisnevich local model category sPre • (Sm/k) nis , with weak equivalences defined stalkwise.
To apply Bousfield localization, we should replace each mapǓ * → (−, X ) + by a cofibration between cofibrant objects. For any simplicial object V in any category with finite coproducts a degeneracy-free object W r(V ) is defined by the formula
By [3, 9.4 ] W r(Ǔ * ) is cofibrant in sPre • (Sm/k) pro j and [27, 3.22] implies p : W r(Ǔ * ) →Ǔ * is a projective weak equivalence. If we set X to be Cyl(η p), then X is cofibrant and η p factors as a projective cofibration ι : W r(Ǔ * ) → X followed by a projective weak equivalence X → X . It is worth to note that each term W r(Ǔ * ) i or X i is a finite bouquet of representable presheaves.
The Cech model category sPre • (Sm/k) Cech is then obtained from sPre • (Sm/k) pro j by Bousfield localization with respect to the set of all cofibrations
The motivic model category sPre • (Sm/k) mot is obtained from sPre • (Sm/k) pro j by Bousfield localization with respect to the set A and the set of all maps
The model category sPre • (Fr + (k)) pro j is defined by sectionwise weak equivalences and fibrations (see [5, 4.2] ). We shall refer to these as projective weak equivalences and projective fibrations respectively. The projective cofibrations are defined by the corresponding lifting property. This model structure is proper, simplicial, cofibrantly generated and weakly finitely generated in the sense of [5] . Generating cofibrations are given by the family
The right Quillen functor, which is just the forgetful functor, will be denoted by Ψ.
Consider the following families of maps between cofibrant objects: Clearly, we have a Quillen pair
Remark 4.2. (1)
The families A, B are the usual ones, whereas C, D are unusual but do make sense for spaces with Fr * -transfers. Briefly speaking, relation C is needed to apply Theorem 3.1. Importance of relation D will be seen in the Resolution Theorem below.
(2) The model category sPre • (Fr + (k)) pro j is weakly finitely generated in the sense of [5] . Since domains and codomains of maps from the families B,C, D are finitely presentable, then the Bousfield localization of sPre • (Fr + (k)) pro j with respect to B,C, D, which we also call the BCD-local model structure, is weakly finitely generated by [7, 2.2] .
With any smooth scheme X we can associate an important example of a "BCD-local space" (i.e. an A 1 -invariant, σ -invariant and h-radditive space), denoted by C * Fr(−, X ). It is given by
and pointed at the empty framed correspondence. Here ∆ • is the standard simplicial scheme. The fact that it is σ -invariant follows from Lemma 2.10.
ADDITIVITY THEOREM
The following result plays an important role in our analysis. It is a reminiscence of the Additivity Theorem for algebraic K-theory.
Theorem 5.1 (Additivity). For any two smooth schemes Y
given by the explicit framed correspondences of level zero id ⊔ / 0 :
Proof. Let m be the explicit correspondence of level one from X to X ⊔ X (see above) and let Y = Y 1 ⊔Y 2 . We define a map
by the following diagram
, is the corresponding embedding. To illustrate how the map ψ is arranged, let us take supports
We claim that ψϕ and ϕψ are A 1 -homotopic to identities. These A 1 -homotopies will convert ϕ, ψ into simplicial homotopy equivalences for the reason that ∆ • is in the first argument of each space like C * Fr(X ,Y ). The map ϕψ is of the form
Here ρ 1 equals the map σ of Lemma 2.10 as one easily sees. In turn, σ is simplicially homotopic to the identity by the same lemma.
We claim that ρ 2 is simplicially homotopic to σ . Choose an explicit framed correspondence
with the square cartesian.
Consider the algebraic group G = (A 1 , +) and its natural action α :
Since the right square is cartesian, then so is the square
More generally, the square
is cartesian. On the other hand, the square
is cartesian by construction, and hence so is the square
But 0 × Z is finite over X , and therefore so is Z s over X × G.
The construction of Φ s is clearly functorial in X and compatible with σ Y 2 . Thus we have a map of simplicial sets
yielding an A 1 -homotopy between Φ • σ X and ρ 2 (Φ). This A 1 -homotopy gives the desired simplicial homotopy.
We see that ϕψ = ρ 1 × ρ 2 is simplicially homotopic to σ × σ . The latter is simplicially homotopic to the identity by Lemma 2.10. If we omit etale neighborhoods, the map ψϕ takes
. By using the same homotopies as above, we conclude that ψϕ is simplicially homotopic to the identity. The theorem is proved.
Let Γ op be the category of finite pointed sets and pointed maps. Its skeleton has objects n + = {0, 1, . . . , n}. We shall also regard each finite pointed set as a pointed smooth scheme. For example, we identify n + with the pointed scheme (⊔ n 1 Spec k) + with the distinguished point + corresponding to 0 ∈ n + . Note that 0 + = / 0 + . A Γ-space is a covariant functor from Γ op to the category of simplicial sets taking 0 + to a one point simplicial set. A morphism of Γ-spaces is a natural transformation of functors. A Γ-space X is called special if the map X ((k + l) + ) : X (k + ) × X (l + ) induced by the projections from (k + l) + ∼ = k + ∨ l + to k + and l + is a weak equivalence for all k and l. X is called very special if it is special and the monoid π 0 (X (1 + )) is a group.
Let Shv nis (Sm/k) (respectively Shv nis • (Sm/k)) be the category of unpointed (respectively pointed) Nisnevich sheaves of sets on Sm/k.
In what follows by T n (respectively (P 1 , ∞) n ) we shall mean T ∧n (respectively (P 1 , ∞) ∧n ).
Lemma 5.2 (Voevodsky [24]). For any X ,Y ∈ Sm/k and any n 0 there are natural isomorphisms
Remark 5.3. The canonical motivic equivalence of pointed sheaves P 1 → T is given by the frame of level one σ = σ pt := (A 1 , id :
We denote by σ X the motivic equivalence X ⊠ σ pt for any X ∈ Sm/k.
Let Fr 0 (k) be a subcategory of Fr * (k) with the same objects and morphisms framed correspondences of level 0 (see p. 3). Note that there is a fully faithful functor
taking n + to ⊔ n 1 Spec k. Let Fr 0 (k) be the category whose objects are the pointed schemes X + = X ⊔ pt and whose morphisms are defined by
is called the deleting basepoint functor. The same applicable for simplicial objects over both categories.
Given a finite pointed set (K, * ) and a scheme X , we denote by X ⊗ K the unpointed scheme del(X + ∧ K). Notice that X + ∧ K (respectively X ⊗ K) is the pointed scheme (X ⊔ . . . ⊔ X ) + (respectively unpointed scheme X ⊔ . . . ⊔ X ), where the coproduct is indexed by the non-based elements in K. Observe that / 0 ⊗ K = / 0 and X ⊗ * = / 0. Using Voevodsky's Lemma above we can also write
Corollary 5.4. For any smooth schemes U, X ∈ Sm/k, the Γ-space
is special. It is functorial in U in the category Fr + (k) and functorial in X in the category Fr 0 (k).
Let (I, 1) denote the pointed simplicial set ∆[1] with basepoint 1. The cone of a scheme X is the simplicial object X ⊗ I in Fr 0 (k). There is a natural morphism i 0 :
by the deleting basepoint functor (recall that objects of Fr 0 (k) are unpointed smooth schemes). We can think of Y ⌋ f X as a cone of f . If X is a subscheme of Y , we shall also write Y ⌋X to denote the simplicial object Y ⌋ ι X in Fr 0 (k) with ι : X → Y the inclusion.
Given an element in Fr 0 (X ,Y ), that is a pointed scheme map f : X + → Y + , we then obtain a sequence of simplicial objects in Fr 0 (k)
Proposition 5.5. The sequence of spaces
is a fibration up to homotopy.
Proof. If one uses the Additivity Theorem above, the proof is like that of [28, 1.5.5].
The next three corollaries of the preceding proposition are proved like those of [28, 1.5.6, 1.5.7, 1.5.8]. 
is homotopy cartesian. 
We let [1] denote the ordered set {0 < 1} regarded as a category, and we use ε as notation for an object of [1] . By an n-dimensional cube in a category C we shall mean a functor from [1] n to C . An object C in C gives a 0-dimensional cube denoted by [C] , and an arrow C → C ′ in C gives a 1-dimensional cube denoted by [C → C ′ ]. We may define an external product of cubes as follows whenever it exists in C . Given an n-dimensional cube X and an n ′ -dimensional cube
To any cube M of smooth schemes with maps being framed correspondences of level zero we associate a multisimplicial object M in Fr 0 (k) constructed inductively as follows. Any 0-dimensional cube is of the form X , X ∈ Sm/k. Given a 1-dimensional cube f : X + → Y + , the associated simplicial object in Fr 0 (k) is, by definition, Y ⌋ f X . Proceeding inductively in this way, we associate with a n-dimensional cube the desired n-multisimplicial scheme.
The following statement is a reminiscence of [12, 4.3] .
Lemma 5.9. Suppose we are given a map f :
(a) There is a fibration sequence
Notation 5.10.
In what follows we denote by G ∧n m the n-multisimplicial object in Fr 0 (k) associated with the external product Below we shall need the following Lemma 6.1. Given X ∈ Sm/k and a finite pointed simplicial set K ∈ S • , the natural map
Proof. The morphism Fr + (−, X )∧ K → Fr + (−, X ⊗ K) coincides termwise with the morphisms between cofibrant objects ∨Fr + (−, X ) → Fr + (−, ⊔X ), where coproducts are indexed by nonbasepoint elements of K n . Each of these maps is a D-local weak equivalence. It follows from [13, 18.5.3] that the map
is a D-local weak equivalence. By [13, 18.7.5 ] the canonical map hocolim
is a projective weak equivalence, whence the assertion follows.
Below we shall refer to D-local spectra as stably h-radditive. Given such a spectrum Y , this means that the natural arrow is a stable equivalence for every V ∈ Sm/k:
Lemma 6.2. Y is stably h-radditive if and only if for every V ∈ Sm/k the following natural arrow is a stable equivalence of ordinary spectra:
It is induced by two framed correspondences of level zero (V ⊔V ) + → V + , each of which maps one summand to itself and the remaining summand to +.
Proof. It is enough to observe that the standard stable equivalence
Recall that Y ( / 0) = pt by definition of presheaves of framed spectra.
Corollary 6.3. Any bouquet i∈I X i or any directed colimit colim i∈I X i of stably h-radditive objects is stably h-radditive.
Lemma 6.4. Given X ∈ Sm/k and a finite pointed simplicial set K ∈ S • , the natural map
Proof. Since the C-local model structure on sPre • (Fr + (k)) is weakly finitely generated, our claim follows from the fact that a filtered colimit of weak equivalences is a weak equivalence by [5, 3.5] .
Similar to the category Fr * (k), the category Fr + (k) has an action of smooth schemes
As a consequence, if we take any X ∈ Sm/k and F ∈ sPre • (Fr + (k)) then F (X × −) is in sPre • (Fr + (k)). Note that the action is naturally extended to an action of the category Fr 0 (k) on Fr + (k). Proof. The proof is similar to that of [7, 5.8] . Proof. The proof is similar to that of [7, 5.12] .
is a B-local weak equivalence in sPre • (Fr + (k)).
Proof. This follows from the previous lemma and [ 19, 3.8] .
Definition 6.8. The framed motive M f r (X ) of a smooth algebraic variety X ∈ Sm/k is the Segal 21] ). More precisely, the structure map
is given as follows. For any r and m, it coincides termwise with the natural morphisms
where coproducts are indexed by non-basepoint elements of S 1 n . In particular, the structure map By the framed motive M f r (Y ) of a simplicial scheme Y , we shall mean the realization of the simplicial presheaf of spectra n → M f r (Y n ). A typical example is the motive M f r (Č(U )) associated with a finite Nisnevich covering f : U → X . It follows from Corollary 2.5 that the map M f r (Č(U )) → M f r (X ) is a levelwise motivic equivalence of ordinary motivic spectra.
Since the category of smooth schemes has finite coproducts, we can apply the functor W r to simplicial schemes. In particular we have a simplicial smooth scheme W r(Č(U )) for any finite Nisnevich cover U → X (see Section 4 for the definition of W r). Denote by X the simplicial smooth scheme which is the cylinder obect in Sm/k for the composition
Then one has a commutative diagram of framed presheaves
In other words, we convert the arrows from the family A (like the upper one of the diagram) to arrows in which all (finite) coproducts are first taken in Sm/k and then the coproducts are put into the second argument of Fr + (−, −). 
The upper arrow is a projective equivalence. The right arrow is a local equivalence by Corollary 2.5 and the fact that geometric realization of a simplicial Nisnevich local equivalence is a Nisnevich local equivalence. We see that the left arrow is a Nisnevich local equivalence. It follows that the following arrow is a motivic equivalence of ordinary motivic spectra:
where W r(M f r (Č(U )) is realization of the simplicial spectrum i
) is termwise stably equivalent to M f r (W r(Č(U ))) by Additivity Theorem 5.1, and hence the arrow
Finally, the fact that the arrow
is a stable motivic equivalence follows from the Additivity Theorem.
Recall that by a BCD-local spectrum X ∈ Sp f r S 1 (k) we mean a spectrum that takes arrows from the families B,C, D to stable equivalences of ordinary spectra. A typical example of a BCD-local spectrum is the framed motive M f r (X ) of a smooth scheme X .
We are now in a position to prove the main computational result of this section. Briefly, it compares motivic resolutions in Sp f r S 1 (k) and Sp S 1 (k) respectively. Theorem 6.12 (Resolution). Let X ∈ Sp f r S 1 (k) be a BCD-local spectrum. Then any stable motivic fibrant resolution α : Proof. We shall use a kind of a small object argument to construct some stable motivic fibrant resolution. First set X 0 := X and take a stable projective resolution ν 0 : X 0 ֒→ X ′ 0 (in Sp f r S 1 (k)). This means that ν 0 is a scheme-wise trivial cofibration of ordinary spectra and X ′ 0 is a schemewise Ω-spectrum. Note that it as well a BCD-local spectrum.
Consider a commutative diagram of framed presheaves of S 1 -spectra
We can use the hocolim-argument of the proof of Lemma 6.1 as well as Lemma 6.9 to show that the upper horizontal map is a levelwise BCD-local weak equivalence. If we regard the square as a map from the left vertical arrow to the right one in the model category of arrows, one can decompose it as a cofibration followed by a levelwise projective weak equivalence. Then there is a commutative diagram for any n 0
in which all arrows of the left square are cofibrations in Sp f r 
there exists a dotted lift making the diagram commutative, because the left solid arrow is a trivial BCD-cofibration and X ′ 0 is fibrant in the BCD-local model structure. Let S be the set of all diagrams of the form
with g ∈ A. Now form a commutative diagram of the form
in which the right square is cocartesian in Sp f r S 1 (k). Note that the middle vertical arrow is a stable motivic equivalence in Sp S 1 (k) by Lemma 6.11. It follows that γ 0 is a stable motivic equivalence in Sp S 1 (k). It is also a cofibration in Sp f r S 1 (k). The right square is cocartesian with vertical arrows cofibrations. Its two left entries and upper right entry are BCD-local (for this use Lemma 6.2 and Corollary 6.3). It follows that X 1 is BCDlocal. Next take a stable projective resolution ν 1 : X 1 ֒→ X ′ 1 (in Sp f r S 1 (k)) and apply the same procedure as above to construct X ′ 2 . We also set µ 1 : X ′ 0 ֒→ X ′ 1 to be ν 1 • γ 0 . We can construct X by using transfinite induction starting with X ′ 0 . Precisely, there is an infinite cardinal κ such that the domains of all the maps from the family n F n A are κ-small. If we take a κ-filtered ordinal λ , we define X as a λ -sequence X : λ → Sp f r S 1 (k) and a map X → X as the composition of the λ -sequence X 0 → X = colim β <γ X ′ β (see [14] for definitions).
If we defined X ′ α and µ α for all α < β for some limit ordinal β , define X ′ β = colim α<β X ′ α , and define µ β to be induced by the µ α . Having defined X ′ β and µ β , we define X ′ β +1 and µ β +1 as above. It follows that X has a left lifting property with respect to the family n F n A. Since it is as well a fibrant spectrum in the stable BCD-local model structure of spectra, it is a fibrant object in Sp f r S 1 (k). Moreover, the map X → X is a fibrant resolution of X in Sp f r
is a motivic equivalence in Sp S 1 (k), then the map X → X is a fibrant resolution of X in the motivic model structure of Sp S 1 (k). To show that this map is a stable local equivalence in Sp S 1 (k) if k is perfect, choose a stable Nisnevich local fibrant resolution X → X in Sp S 1 (k). Since all framed presheaves π n (X ) are homotopy invariant and quasi-stable, then the associated Nisnevich sheaves π nis n (X ) = π nis n ( X ) are strictly homotopy invariant by Theorem 3.1. By a theorem of Morel [17, 6.2.7] X is A 1 -local, and hence motivically fibrant. Since any two motivic resolutions are equivalent, we see that X and X must be stable equivalent. Thus X → X is also a stable Nisnevich local equivalence of ordinary motivic spectra. This finishes the proof.
The next result is an analog of [7, 5.9] 
is homotopy cocartesian in the Nisnevich local model structure of presheaves of ordinary S 1 -spectra. 
We finish the section by proving the following 
Proof. By Lemma 6.9 there is a natural isomorphism in SH f r
for every X ∈ Sm/k. Adjunction (6) and the fact that 
We have used here the fact that each
The remaining assertions follow from the Resolution Theorem and the fact that each framed motive M f r (Y ) is BCD-local.
CANCELLATION THEOREM
In order to formulate another "standard" theorem, we have to introduce first some notation. Consider a map f : X → Y in Sm/k. The mapping cylinder in Pre • (Sm/k) for f : X + → Y + yields a factorization of the induced map
into a cofibration and a simplicial homotopy equivalence in Pre • (Sm/k). Let Y⌋ f X denote the cofibrant pointed presheaf Cyl( f )/X + . The reader should not confuse the simplicial pointed presheaf Y⌋ f X with the simplicial object Y ⌋ f X in Fr 0 (k) defined in the second half of Section 5. In the special case X = pt, Y = G m and ι : pt → G m , ι(pt) = 1 ∈ G m , we denote Y⌋ ι X by G.
We construct a map in Sp f r
as follows (for a straight construction see Remark 7.1). It is uniquely determined by a map
and a homotopy
We set the map β to be the composition
where p is a natural functor, induced by
One has a commutative square for any W ∈ Sm/k (see diagram (3))
On the other hand, there is a commutative diagram
The right lower corner can be identified with the simplicial path space P(C * Fr(W × X , (Z × X ) ⊗ S 1 )). By [28, 1.5.1] there is a canonical contraction of this space into the set of its zero simplices regarded as a constant simplicial set. Since P(C * Fr(W × X , (Z × X ) ⊗ S 1 )) has only one zero simplex, it follows that there is a canonical simplicial homotopy
Now the map h (7) is determined by the composite map
(the same composite map is similarly defined on each space of the spectrum M f r (Z)).
Note that a is functorial in framed correspondences of level zero.
Remark 7.1.
There is another description of a by means of external product. Precisely, if
is determined by the composition
The Nisnevich simplicial pointed sheaf associated with Y⌋ f X coincides with the simplicial pointed sheaf (Y ⌋ f X ) + , where the latter is the simplicial pointed sheaf corresponding to the simplicial object Y ⌋ f X . The morphism can : Y⌋ f X → (Y ⌋ f X ) + is just the sheafification morphism.
Theorem 7.2 (Cancellation Theorem [1]). For any Y ∈ Sm/k, the natural map of S
m is from Notation 5.10). Remark 7.3. The previous theorem is an analog of Voevodsky's Cancellation Theorem [25] . The Cancellation Theorem for K-motives was proven in [9, 4.6] .
Corollary 7.4. For any Y ∈ Sm/k and n 0, the natural map of S
is a schemewise stable equivalence. Here G ∧n m is the n-cube from Notation 5.10. In order to prove Theorem 7.2, we introduce and study in [10] "linear framed motives of algebraic varieties". Let ZF * (k) be an additive category whose objects are those of Sm/k and Hom-groups are defined as follows. We set for every n 0 and X ,Y ∈ Sm/k:
where Z 1 , Z 2 are supports of correspondences. In other words, ZF n (X ,Y ) is a free abelian group generated by the framed correspondences of level n with connected supports. We then set
With these definitions it is shown in [10] that ZF * (k) is an additive category having the property that the category of abelian presheaves (respectively abelian Nisnevich sheaves) on ZF * (k) can be identified with the category of abelian radditive framed presheaves (respectively the category of abelian Nisnevich framed sheaves). For any smooth scheme Y , denote by ZF * (Y ) the representable sheaf ZF * (k)(−,Y ). It is proved in [10] that ZF * (Y ) is a Nisnevich sheaf.
We set
Denote by G m the scheme A 1 −{0}. Given Y ∈ Sm/k one defines the sheaf with framed transfers ZF(G m ∧Y ) as the quotient of ZF(G m ×Y ) modulo i * (ZF(pt ×Y )), where i is induced by the map sending pt = Spec k to the identity element 1 ∈ G m . Note that
Similarly, for any scheme X ∈ Sm/k and any abelian presheaf F : Sm/k → Ab, the group F (X ) identifies canonically as a direct summand in F (G m × X ). We use the notation F (G m ∧ X ) for the complementary direct summand, i.e.,
As it is shown in [1] , Theorem 7.2 reduces to showing the following 
is a quasi-isomorphism.
The domain of the arrow from the previous theorem is what we call in [10] the "linear framed motive of Y " evaluated at X . The codomain of the arrow is the "twisted linear framed motive of Y " evaluated at G m ∧ X .
Lemma 7.6. Let k be a perfect field. Given a Nisnevich local fibrant resolution
Proof. It is enough to prove the lemma for n = 0, because the general case is checked in a similar fashion. So suppose n = 0. We have to show that
is a stable weak equivalence of spectra for every local smooth Henselian U . Consider the presheaf of S 1 -spectra
The homotopy presheaves of M f r (Y )(− × G m ) are plainly stable homotopy invariant framed presheaves. By Theorem 3.1 the spectrum M f r (Y ) f has quasi-stable strictly homotopy invariant sheaves of homotopy groups. It is also motivically fibrant by [17, 6.2.7] and its presheaves of homotopy groups are quasi-stable by the Resolution Theorem. Therefore the presheaves of homotopy groups of M f r (Y ) f (− × G m ) are quasi-stable homotopy invariant framed presheaves, and hence so are the presheaves of homotopy groups π * (cone(ρ)). The proof of Theorem 3.1 shows that for every smooth local Henselian U , the homotopy groups π * (cone(ρ U )) are embedded into π * (cone(ρ Spec k(U) )). It also shows that for any ksmooth irreducible variety V one has
Thus for every smooth local Henselian U , π * (cone(ρ Spec k(U) )) = 0, and hence π * (cone(ρ U )) = 0. Therefore ρ U is a stable equivalence whenever U is local smooth Henselian. 
is an isomorphism for every integer ℓ.
Proof. Since the field k is perfect by assumption, the Resolution Theorem implies that every mo-
is also a Nisnevich local resolution in Sp S 1 (k). It can be shown similar to Lemma 6.9 that the map Σ
is a BCD-local weak equivalence in Sp f r S 1 (k), and hence an isomorphism in SH f r S 1 (k). By (6) we can compute the map of the theorem in SH S 1 (k).
We have a cofiber sequence Σ
Both rows of the diagram are homotopy fiber sequences of spectra. The right vertical map is a local stable equivalence. By Lemma 7.6 the middle vertical map is a local stable equivalence, and hence so is the left vertical arrow. The upper left vertical arrow is a local stable equivalence by the Cancellation Theorem.
FRAMED PRESHEAVES FOR SUSPENSION P 1 -SPECTRA
Recall that the category of simplicial presheaves sPre(Sm/k) on the small Nisnevich site Sm/k forms a proper simplicial cofibrantly generated model category, denoted by sPre nis (Sm/k), if we define weak equivalences to be the local weak equivalences, cofibrations to be monomorphisms, and fibrations to be those maps with the right lifting property with respect to all acyclic cofibrations [15] . This model structure is also referred to as the injective local model structure. The reader should not confuse it with the model category sPre(Sm/k) nis with respect to the projective local model structure. But both model categories are Quillen equivalent. The motivic model category sPre A 1 (Sm/k) is defined by Bousfield localization of sPre nis (Sm/k) with respect to the arrows
Cofibrations of sPre A 1 (Sm/k) remain the same and weak equivalences are called motivic equivalences. The model categories of pointed presheaves sPre nis
Denote by Spt P 1 (Sm/k) the category of P 1 -spectra with P 1 pointed at ∞. We shall work with the stable motivic model structure on Spt P 1 (Sm/k) (see [15] for details). The weak equivalences in this model category will be referred to as stable equivalences.
We define the fake suspension functor Σ ℓ P 1 :
where σ n is a structure map of Z . The fake suspension functor is left adjoint to the fake loops functor Ω ℓ P 1 :
where σ n is adjoint to the structure map σ n of Z . Define the shift functors t : Spt P 1 (Sm/k) − → Spt P 1 (Sm/k) and s : Spt P 1 (Sm/k) − → Spt P 1 (Sm/k) by (sZ ) n = Z n+1 and (tZ ) n = Z n−1 , (tZ ) 0 = pt, with the evident structure maps. Note that t is left adjoint to s.
Define Θ : Spt P 1 (Sm/k) → Spt P 1 (Sm/k) to be the functor s • Ω ℓ P 1 , where s is the shift functor. Then we have a natural map ι Z : Z → ΘZ , and we define
Set η Z : Z → Θ ∞ Z to be the obvious natural transformation.
Notation 8.1. Given a pointed sheaf (F , f ), X ∈ Sm/k and n 0, we set
If there is no likelihood of confusion, we shall write Fr n,• (X , F ), dropping the distinguished point f from notation. The same notation is also used for pointed simplicial sheaves. Set
Let X ∈ sPre • (Sm/k) be a pointed motivic space. Consider its suspension spectrum
be the P 1 -spectrum with structure maps defined by (X ∧ T n ) ∧ P 1 id ∧σ − −− → X ∧ T n+1 , where σ : P 1 → T is the canonical motivic equivalence of sheaves (see Remark 5.3 as well).
Since smash product of a motivic weak equivalence and a motivic space is again a motivic weak equivalence, we get a level motivic equivalence of spectra σ :
X . Then we get a P 1 -spectrum Σ ∞ P 1 ,T X nis and a level local weak equivalence of spectra ν :
Evaluation of the spectrum Σ ∞ P 1 ,T X nis at a smooth scheme U has entries
where each smash product X nis ∧ T n is taken in the category of pointed simplicial sheaves. Let Shv nis • (Fr * (k)) be the category of framed pointed sheaves of sets. By Lemma 5.2, we can extend the functor
where σ Z takes a map (Φ :
So the spectrum Θ ∞ Σ ∞ P 1 ,T X nis can be written as
Thus each space Fr • (−, X nis ∧ T n ) is a framed simplicial sheaf, and hence we get framed transfers on the presheaves π s (Fr • (−, X nis ∧ T n )), s 0. By Theorem 2.8 the associated Nisnevich sheaves π s (Fr • (−, X nis ∧ T n )) are framed functors. For a simplicial framed sheaf Z denote by C * (Z ), as always, the simplicial framed sheaf of the form U → diag(Z (U ×∆ • )), where ∆ • is the standard cosimplicial object in Sm/k. Consider the simplicial set
Since the morphism σ Z commutes with morphisms of level zero, the morphisms σ : X × ∆ n → X × ∆ n define an endomorphism of C * (Fr • (−, Z ))(X ) which we denote σ . The proof of the following lemma is like that of Lemma: 2.10. If we apply the functor C * to the spectrum Θ ∞ Σ ∞ P 1 ,T X nis levelwise, where X is a pointed motivic space, we get a spectrum
By [19, 3.8 ] the natural map of spectra δ :
is a level motivic weak equivalence. Each space of the spectrum F r ∆ (X ) is a simplicial framed sheaf. So we get framed transfers on the homotopy invariant presheaves π s (C * (Fr
) is quasi-stable. Using Theorem 2.8 the associated Nisnevich sheaves π s (C * (Fr • (−, Z ∧ T n ))) are quasi-stable framed functors. Theorem 2.7 implies that each π s (C * (Fr • (−, Z ∧ T n ))), s 1, is a presheaf of abelian groups. Since it is stable and homotopy invariant, Theorem 3.1 implies the associated Nisnevich sheaf π s (C * (Fr • (−, Z ∧ T n ))) is a homotopy invariant quasistable framed functor. Moreover, it is strictly homotopy invariant whenever the field k is perfect.
We say that a motivic space X is n-connected if each Nisnevich sheaf π s (X ), s ≤ n, is zero. If X is 0-connected, we refer to it as just connected.
Lemma 8.5. For any n 1 and any Z ∈ Sm/k, the space C * (Fr
Corollary 8.6. For any n 1 and any
Recall that a pointed motivic space X is A 1 -local if the map Ho(sPre nis
is a bijection for all U ∈ Sm/k and n 0.
Theorem 8.7 (Morel [18] We document the above arguments as follows.
Theorem 8.8. (1)
For every pointed motivic space X the map of P 1 -spectra
is a stable equivalence. Moreover, all spaces of the spectrum F r ∆ (X ) are framed simplicial sheaves. 
RESOLUTIONS FOR SUSPENSION P 1 -SPECTRA OF ALGEBRAIC VARIETIES
In this section we construct a resolution, which is fibrant in positive degrees, for the suspension P 1 -spectrum Σ ∞ P 1 X + of a smooth algebraic variety X ∈ Sm/k. This requires "standard" theorems for presheaves with framed transfers (precisely, Theorem 3.1 and Cancellation Theorem 7.2 proven in [1] ). We also need further facts about framed motives. We use notation from Section 8. We start with the following Definition 9.1. The framed motive of a pointed Nisnevich sheaf F is an S 1 -spectrum in Sp f r
with obvious structure maps (compare with Definition 6.8). Note that this frame motive is functorial in F . In what follows the framed motive of the pointed sheaf X + ∧ T n , X ∈ Sm/k, n 0, will be denoted by M f r (X × T n ). In the particular case when n = 0 the spectrum M f r (X × T n ) is the framed motive M f r (X ) of the variety X ∈ Sm/k.
In a similar fashion one can define framed motive of a pointed simplicial sheaf and of a pointed multi-simplicial sheaf. In what follows the framed motive of a pointed multi-simplicial sheaf of the form (X • ) + ∧ T n , where
will be denoted by M f r (X • × T n ). 
, is a schemewise weak equivalence. Moreover, the simplicial S 1 -spectrum
with W a local Henselian smooth scheme and X any smooth scheme is a (n − 1)-connected Ω-spectrum.
Proof. The proof of the first assertion repeats that of Additivity Theorem 5.1 word for word. We should use Lemma 8.3 and the fact that each element of Fr m (U,
is the following data:
where Z is a closed subset in U × A m finite over U , the square is cartesian (in the category of reduced schemes), and p : V → U × A m an etale neighborhood of Z. The second assertion follows from Segal's machine [21] and Lemma 8.5.
Let (A 1 ⌋G m ) ∧n be the n-multisimplicial object of Fr 0 (k) associated with the external product
. Given a map of pointed sheaves f : F → G, we can define a n-multisimplicial pointed sheaf (G⌋ f F) ∧n associated with the external product [F
where T n is regarded as a constant multisimplicial sheaf.
The pushout square
The latter induces a map of multisimplicial pointed sheaves 
for every X ∈ Sm/k and n 1.
Corollary 9.4. The sequence of S
is a homotopy cofiber sequence in the Nisnevich local model structure in Sp S 1 (k) for every X ∈ Sm/k and n 0.
Consider the P 1 -spectrum
By Lemma 8.5 the nth motivic space of the spectrum, n > 0, is (n − 1)-connected. By Theorem 8.8 the map of spectra κ :
is a stable weak equivalence. We can take a level Nisnevich local fibrant resolution
and there is a level local equivalence of spectra χ :
. The main result of this section is as follows. 
is a sectionwise weak equivalence. In particular, the spectrum F r ∆ f (X + ) is a positively fibrant replacement of the suspension spectrum Σ ∞ P 1 X + and the space C * (Fr • (− ∧ P 1 , X + ∧ T )) f is a motivic fibrant replacement of the space Ω ∞ P 1 Σ ∞ P 1 X + . Proof. By Theorem 8.8(2) each space of F r ∆ f (X + ) in positive degrees is motivically fibrant. Let T be a pushout in the category sPre • (Sm/k) pro j of the diagram
It is cofibrant in sPre • (Sm/k) pro j . Taking the associated simplicial sheaf we get the pointed simplicial sheaf (A 1 ⌋G m ) + . The canonical arrow of pointed motivic spaces u : T → G ∧ S 1 is a motivic equivalence. Note that the associated simplicial sheaf of G ∧ S 1 is the pointed simplicial sheaf (G ∧1 m ⊗ S 1 ) + . We have a commutative diagram (this easily follows from Remark 7.1)
of motivic spaces. It induces a commutative diagram
of motivic spaces. We claim that all maps of the latter diagram are sectionwise weak equivalences for every n > 0. Set
where subscript f refers to Nisnevich local fibrant replacement in the model category sPre nis • (Sm/k). It follows from Theorem 9.2 that it is sectionwise an Ω-spectrum. The proof of Theorem 8.8 (2) shows that each space of M f r (X × T n ) f is A 1 -local, and hence motivically fibrant. We see that it is a motivically fibrant spectrum in Sp S 1 (k). Theorem 9.3 implies it is also a Nisnevich local fibrant replacement of M f r (X × (G m ⌋A 1 ) ∧n ).
We have a commutative diagram in Sp S 1 (k)
with horizontal arrows local equivalences. Resolution Theorem 6.12 implies the left vertical arrow is a local equivalence, and hence the right vertical arrow is a sectionwise level weak equivalence. It follows that the lower horizontal arrow of (8) is a sectionwise weak equivalence.
Since u is a motivic equivalence of motivic spaces, then the right vertical arrow of (8) is a sectionwise weak equivalence. By Theorems 7.7, 9.2, 9.3 the map
is a sectionwise level weak equivalence. It follows that the upper horizontal arrow of (8) is a sectionwise weak equivalence. We conclude that so is the left vertical arrow of (8) .
Consider now the motivic equivalence v : T → (T ⌋ * ) = T . We have a commutative diagram
of motivic spaces. The vertical arrows are sectionwise weak equivalences. It follows from Theorem 9.3 and Corollary 9.4 that v * of (9) is a sectionwise weak equivalence, and hence so is the remaining upper horizontal arrow of (9) . The arrow of the theorem factors as
where the right arrow is induced by the motivic equivalence σ : P ∧1 → T . Since C * (Fr • (−, X + ∧ T n+1 )) f is motivically fibrant, then the right arrow is a sectionwise weak equivalence. We have showed above that the left arrow is a sectionwise weak equivalence. We conclude that so is the composite map. The second assertion of the theorem is now obvious.
RECONSTRUCTING SH(k)
In this section we introduce a stable model category of (S 1 , G)-bispectra Sp 
Thus SH(k) is recovered from framed (S 1 , G)-bispectra. We start with preparations.
Recall that the pointed simplicial presheaf G is termwise
Given X ∈ Sm/k, the presheaf (−, X ) + ∧ G is isomorphic to a presheaf which is termwise
So the presheaf Y ∧ G is the coend
The category of smooth schemes Sm/k acts on Fr + (k) as
We define an endofunctor
as follows. It sends a representable functor Fr + (−, X ) to Fr + (−, X ) ⊠ G which is termwise
In other words,
is the canonical functor of "adding framed transfers". Note that
We define the presheaf Y ⊠ G as the coend
where Map on the right hand side is the pointed mapping space object of the pointed simplicial category sPre • (Fr + (k)). There is also an isomorphism (k) will be denoted by SH f r (k).
One of the models for the Morel-Voevodsky stable motivic model category is defined in terms of (S 1 , G)-bispectra. Precisely, let Sp S 1 ,G (k) be the model category Sp N (Sp S 1 (k), − ∧ G) in the sense of Hovey [14] , which is the category of G-spectra (equipped with the stable model category structure [14] ) in the stable motivic model category Sp S 1 (k). The homotopy category of Sp S 1 ,G (k) will be denoted by SH(k).
By We have arrows
where U ∈ Sm/k and the lower two isomorphisms are induced by the above zigzag. We have used here the zigzag of schemewise weak equivalences of motivically fibrant spaces (see the proof of Theorem 9.5)
Theorem 9.5 implies the composite map is an isomorphism, hence so is γ * as required. Using Theorem 9.5 the proof can also be depicted by the following commutative diagram in Precisely, every map in Hom H A 1 (k) (S m ∧U + ∧ (S 1 ∧ G) k+n , X + ∧ (S 1 ∧ G) n ) is a zigzag between cofibrant objects (we work in the injective motivic model structure of spaces)
with t a motivic equivalence. Since C * Fr(−, X × (S 1 ⊗ G) n ) f is motivically fibrant, γ factors as δ • t for some (unique up to homotopy) δ . Then γ * (t −1 • v) = δ • v, where γ * is from diagram (12) . Now Theorem 9.5 implies γ * is an isomorphism. sending a pointed simplicial set to the constant presheaf on Sm/k, is fully faithful. Moreover, c induces an isomorphism π n (E) → π n,0 c(E) for all spectra E. Remark 10.10. Theorem 10.5 implies π n (M f r (pt)(pt)) = π n,0 ((Σ ∞ S 1 Σ ∞ G S 0 )(pt)) over perfect fields. The motivic Serre Finiteness Conjecture states that π n,0 ((Σ ∞ S 1 Σ ∞ G S 0 )(pt)) ⊗ Q = 0 if k = R and n > 0. Thus this conjecture is equivalent to saying that π n>0 (M f r (pt)(pt)) ⊗ Q = 0, where pt = Spec R. Since rational stable homotopy equals rational homology, the conjecture is equivalent to saying that positive rational homology of M f r (pt)(pt), pt = Spec R, is zero. It follows from [1] that homology of M f r (pt)(pt) equals homology of the complex C * (ZF(pt))(pt) = ZF(∆ • k , pt). Therefore this conjecture is equivalent to saying that positive rational homology of the complex ZF(∆ • R , Spec R) is zero. We are now in a position to prove the main result of this section which says that the MorelVoevodsky category SH(k) is reconstructed from SH f r (k). Proof. Since SH(k) and SH f r (k) are compactly generated triangulated categories, it is enough to show that Φ takes compact generators {F G k (Σ ∞ S 1 Σ ∞ G X + )[n] | X ∈ Sm/k, n ∈ Z} of SH(k) to compact generators of SH f r (k) and that it induces isomorphisms
) for all X ,Y ∈ Sm/k. By the proof of Lemma 10.4 Φ takes compact generators to compact generators. Moreover, it shows that each Φ(F G k (Σ ∞ S 1 Σ ∞ G X + )) is isomorphic to s k + (M G f r (X )) in SH f r (k). Theorem 10.5 implies each map
is an isomorphism in SH(k). It remains to apply adjunction (11) .
